Using the nonrelativistic QCD(NRQCD) factorization formalism, we calculate the color-singlet cross sections for exclusive production processes e + + e − → J/ψ + η c and e + +e − → J/ψ+χ cJ (J = 0, 1, 2) at the center-of-mass energy √ s=10.6 GeV. The cross sections are estimated to be 5.5fb, 6.7fb, 1.1fb, and 1.6fb for η c , χ c0 , χ c1 and χ c2 respectively. The calculated J/ψη c production rate is smaller than the recent Belle data by about an order of magnitude, indicating the failure of perturbative QCD calculation to explain the double charmonium production data. In addition, we also calculate the χ c0 inclusive double charm production cross section of e + + e − → χ c0 + cc in perturbative QCD and find that its value, which should be much larger than, is however saturated by the calculated cross sections of e + + e − → J/ψ + χ c0 plus e + + e − → ψ(2S) + χ c0 . This again indicates that the perturbative QCD calculation for the charmonium (e.g. χ c0 ) inclusive double charm production seriously underestimates the production rates, and nonperturbative QCD effects have to be considered at low energies such as √ s=10.6 GeV.
Heavy quarkonium production is interesting in understanding both perturbative and nonperturbative quantum chromodynamics (QCD). In recent years the charmonium production has been studied in various processes, such as in hadron-hadron collision, electron-proton collission, fixed target experiments, B meson decays, as well as Z 0 decays. Among them, the study of charmonium production in e + e − annihilation is particularly interesting in testing the quarkonium production mechanisms, the color-singlet model and the color-octet model in the nonrelativistic QCD (NRQCD) [1] approach. This is not only because of the simpler parton structure involved in this process, which may be helpful in reducing the theoretical uncertainty, but also because of the spectacular experimental prospect opened up by the two B factories with BaBar and Belle, which will allow a fine data analysis for charmonium production with more than 10 8 e + e − annihilation events in the continuum at √ s=10.6 GeV.
Recently the Belle Collaboration has reported the observation of prompt J/ψ via double cc production from the e + e − continuum [2] . For these results, not only the large fraction of the inclusive J/ψ production due to the double cc production is puzzling [3] , but also the exclusive production rate of J/ψη c , σ(e + e − → J/ψη c (γ)) × B(η c →≥ 4charged) = (0.033
+0.007
−0.006 ± 0.009)pb, may not be consistent with both the previous calculation [4] , which was based on a specific non-perturbative approach and gave a cross section of a few pb for J/ψη c , and the current perturbative QCD calculation. In fact, recent perturbative estimates of the J/ψcc cross section are only about 0.07 pb [5, 6, 7] . So the calculations of exclusive cross sections for e + e − annihilation into J/ψη c and other double charmonium states such as J/ψχ cJ (J = 0, 1, 2) will be useful to clarify the problem. Experimentally, aside from e + e − → J/ψχ c0 [2] , Belle [9] has also studied processes e + e − → χ c1 X and e + e − → χ c2 X, so we hope that the double charmonia production involving χ cJ (J = 0, 1, 2) will be detectable in the near future. In the following we will calculate the cross sections σ(e + + e − → J/ψ + η c ) and σ(e + + e − → J/ψ + χ cJ ) in the leading order perturbative QCD. To this order (∼ α 2 s ) the color-singlet channel is dominant since all color-octet channels are of high order of v, which is the relative velocity of the charm quark and anti-charm quark in the charmonium, and therefore suppressed. Furthermore, in order to compare inclusive production with exclusive production rates associated with the χ cJ charmonium states, we will calculate the cross section σ(e + + e − → χ c0 + cc), and this will again reveal the failure of perturbative QCD calculation for the charmonium inclusive production at √ s=10.6 GeV.
We now write down the scattering amplitude which describes the creation of two colorsinglet QQ pairs in the e + e − annihilation process in Fig. 1 as
where (2), and angular momentum Clebsch-Gordan coefficients for QQ pairs projecting on appropriate bound states.
After integrating over the relative momenta q 3 and q 4 , we get
where the coefficients C L ψ and C L can be related to the radial wave function of the bound states R (l)
We introduce the spin projection operators P SSz (P, q) as
Expanding P SSz (P, q) in terms of the relative momentum q, we get the projection operators and their derivatives, which will be used in our calculation, as follows
Then one can calculate the cross sections for the on-shell quarks in the factorized form of NRQCD [1] . The cross section for e + + e − → J/ψ + η c process in Fig. 1 is given by
where
The Mandelstam variables are defined as
The cross section for e + + e − → J/ψ + χ cJ process is
where 
While the numerical result for the cross section of e + e − → J/ψη c is more than a factor of six smaller than the experimental data [2] (with uncertainties due to the unknown decay branching fractions into 4-charged particles for the η c ), the calculated ratio of σ(e + e − → J/ψη c )/σ(e + e − → J/ψcc) ≈ 0.079 might be consistent with the experimental result with the choice of σ(e + e − → J/ψcc) = 70f b [5, 6, 7] . The cross sections for J/ψχ c J production are given as
If we chose σ(e + e − → χ c1 cc) = 18.1f b and σ(e + e − → χ c2 cc) = 8.4f b which were obtained in the fragmentation approximation [10] , then we have the ratio σ(e + e − → J/ψχ c2 )/σ(e + e − → χ c2 cc) = 0.19.
As for the χ c0 , in Ref. [3] σ(e + e − → χ c0 cc)=5.0 fb was obtained in the fragmentation approximation. It is puzzling that this inclusive production cross section is even smaller than the exclusive cross section given in Eq. (18). In order to clarify this problem here we recalculate σ(e + e − → χ c0 cc) in a complete form to the O(α 2 s ) order in perturbative QCD. We give the amplitude of the first diagram in Fig. 2 for e + e − → χ c0 cc as
where e c = 2 3 e , the matrix O µ is relevant to the on shell amplitude and O σ µ is its derivative of the relative momentum between the quarks that form the bound state. The contributions of other three diagrams are similar. Some useful information of the calculation is given in the Appendix.
We finally get the cross section for the process in Fig. 2 σ(e + e − → χ c0 cc) = 9.2f b
which is slightly larger than that given in Ref. [3] under the fragmentation approximation. Using σ(e + e − → χ c0 cc) = 9.2f b and Eq. (18) we get The ratio in Eq. (25) would mean that σ(e + e − → χ c0 J/ψ) plus σ(e + e − → χ c0 ψ(2S)) will saturate the χ c0 inclusive production cross section. This is not reasonable because the DD meson pair associated with χ c0 should have a high production rate [2] . This indicates that the perturbative QCD calculation for inclusive double charm production seriously underestimates the rate at low energies such as √ s =10.6GeV. In Fig. 2 at √ s =32GeV and 1.5 × 10 −4 at √ s =53GeV, where the associated DD meson pair production is expected to dominate. This may imply that the perturbative QCD calculation for double charm production becomes reliable only when the e + e − center-of-mass energy is much larger than the static energies of the four charm quarks created in this process. The χ c0 double charm inclusive production may serve as a good example to show the limited applicability of perturbative QCD.
In summary, despite of many uncertainties due to the relativistic corrections, the QCD radiative corrections, the possible color-octet channel contributions, and the physical parameters (e.g. the charm quark mass and the strong coupling constant), both the inclusive and exclusive double charm production cross sections calculated in perturbative QCD turned out to be seriously underestimated. Therefore we intend to conclude, as in [3] , that it is hard to explain the double charm production data observed by Belle based on perturbative QCD (including both color-singlet and color-octet channels), and possible nonperturbative QCD effects have to be considered at √ s 0 = 10.6GeV.
While we were about to submit our result, there appeared one paper which also considered exclusive double-charmonium production [11] . Those authors took the QED effects into account in addition to the QCD effects that we considered. We find our result for the exclusive double-charmonium production is consistent with theirs but we also analyzed the inclusive processes which were not discussed in Ref. [11] . 
Since we integrate in Ω and Ω ′ , we need a Lorentz translation to give the products between the two frames. This translation matrix is L=R 2 R 1 , where The momenta in the center mass frame of e + e − are
